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MOIICJ'II’I, aHFOpI/ITMbI U TEXHOJIOI'NU pemeHmI 3aa4 3JICKTp0MaFHeTI/I3Ma
B. II. Unvun

Paccmompensl mamemamuueckue mooeu, blHUCTUMENbHbIE MEMOObL U MEXHON02UU OTIA pe-
WIEHUA MHOZOMEPHBIX 3A0ay INEKMPOMAZHEMUIMA, ORUCHIBAEMbIX cucmemoul ypaenenuii Mak-
ceéea npu 2apMOHUYEeCcKoll 3agucumocmu noueii om epemenu. Ilpuseden cpasnumensHulii ananus
MEmOo008 KOHEUHBIX 00beMO6 U KOHEUHBIX IIEMEHMO6 C 6eKMOPHbIMU OA3UCHBIMU QYHKUUAMU
PA3IUYHBIX MUNOG U HOPAOKOE 0N ARNPOKCUMAUUU PA3IUYHBIX HOCHAHO08OK UCXOOHOU npodie-
Mbl, a maKice anzedpauydecKux noo0xo0006 K IPhexmugnomy peuwieHuIo noayuaemplx 60abmux cuc-
mem JIUHEHHbIX ypaenenuil. /lano onucanue mexHoaoZU4ecKux cO6PeMeHHbIX HPUHUUNOE HPO-
ZPAMMHOI  peanu3ayuu U  PACHAPATINECIUBANUA  ANZOPUMMOE8 HA  MHO2ORPOUECCOPHBIX
evluucaIUmMenvHbIx cucmemax. Ilpusedenvl npumepsvl HUCIEHHBIX IKCREPUMEHMOE O XapaKmep-
HbBIX MEMOOUYEeCKUX 3a0au.

PACS: 02.60.—x; 02.70.—

Kmoueswvie cinosa: YpaBHCHUA MaKCBeJ’IJ’Ia, rapMOHHNYCCKUC MOJIs, MCTOJAbl KOHCUYHBIX 00BEMOB U KOHEUYHBIX
OJIEMCHTOB, BBIYUCIUTCIBHBIC TCXHOJIOT'HH.

Beenenue rme o — Kpyrosas 4acrTora;

€U £ — DIEKTpUYecKass IOCTOSHHAasg W OTHOCHU-
TelbHAasg JUAJIEKTpUYECKas IMPOHMIIAe-
MOCTb CpeJIbl, COOTBETCTBEHHO;

[Ton 3amauaMu 3JEKTpOMArHeTU3Ma TPAAULIMOHHO
MOHUMAIOTCA T€, KOTOpBIC OMHUCHIBAIOTCS CHUCTEMOM
ypaBHenuii MakcBemia [1—4]. B gannoit pabote

W, — OTHOCHUTCJIbHAs MarHhTHas MIPOHHUIAC-
paCCMO}‘ng ClIydan, B KOTOPBIX 3JICKTPOMArHUTHBIC MOCTB;
10JIA E,H SABJIAOTCSA TAPpMOHUYCCKMMU BO BpPCMCHU }' up IUIOTHOCTHU DJIEKTPUYECKOr0 TOKA U 00b-

C€MHOI'O 3apdaaa, COOTBECTCTBCHHO.
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MYJUPYeTCs B CHEAyIOWEeM BuJe (TOYKH HAJ BEKTO-  gBIAIOTCS KOMILIEKCHBIMH BeJIHUYMHAMHM (Lo — Mar-
paMmu jajee OmyCKarTes): HUTHasA IPOHUIAEMOCTh BaKyyMa; [ — MHUMAas €IU-
4 4
- R . . HUIA;, €,€. =G,/ ®; WM. =0, /®, TAe C, U G, —
VxE=—iopnH; VxH=—i0tE+]; 0Ty e T POy T

(1)  OJEKTpHYecKas M MarHUTHas NMPOBOAMMOCTH, COOT-
V‘(SVE)zp/so; V-(urH)zo, BETCTBEHHO).

[Ipu orcyTcTBHM 00BEMHOrO 3apsiaa U MarHUTHOH

nposoxumoctu (p = 0 u ¢, = 0) cucrema (1) cBoaUTCS

Wnbun Banepnii IlaBiioBuY, rnaBHbIM Hay4HBIH COTPYIHUK.
K BCKTOPHOMY YPAaBHCHUIO IJI1 SJICKTPUYICCKOT O MOJIA

MHCTUTYT BHIYMCIUTENFHON MaTeMaTUKUA M MaTEMaTHUYECKON

reodmuku CO PAH. 1
Pocens, 630090, r. HoBocubupck, mp. AxaneMuka JlaBpeHTheBa, 6. Vx|l —V x E‘ -x E‘ = ko Zoj;
Ten.: (383) 330-60-62. daxc: (383) 330-87-83. W, (2)
E-mail: ilin@sscc.ru
2.
Cmamusa nocmynuna é pedakxyuio 18 nosops 2009 e. K= k() €5 k() = ('0'\/ €Mo> Zp= v Ko / €

© Wnwun B. I1., 2010


Galina
Размещенное изображение

Galina
Размещенное изображение


14

Ilpuxnaonasn ¢usuxa Ne 4, 2010

rJic JAOTONHUTEIBHO TpEAnoiaraercs ycioBue “6es-
JMBEPTECHTHOCTU  TIOJIS divE = 0.

AHAJIOTHYHOE YPaBHEHHE MOXXET OBITh BBIBEACHO
U I BEKTOpa H mocie ucKToueHus 3EKTPUYECKO-

rononst £ wu3 cucremsl (1).
Pemenue ypaBuenwii (1) uinu (2) uiieM B 3aMKHY-

toit obmactu Q=QUI', Ha pa3iuYHBIX ydYacTKax

4
BHemHel rpanuuel I'=JI', koTropoil TUMMYHBIMU
k=1

KpacBbIMHU YCJIIOBUAMU ABJISIFOTCA CIICAYHOIINC:
A3)

rne ', k=1,2,3,4 COOTBETCTBYIOT HIEATBHOMY
BJIEKTPUUECKOMY U MAarHUTHOMY IIPOBOAHUKAM, U3ITY-
YaroIiei TOBEPXHOCTH U CBOOOTHOMY ITPOCTPAHCTRY;

E =—Exnxn — KacarenpHas COCTaBISAOLIAS

T
BEKTOpa JIEKTPUUYECKOrO TOJII Ha TPAHMIE C BHEII-
HEll HOpMaITbio 71.

JlaHHBIE KpaeBbI€ 33/1au ONMHUCBIBAIOT JIEKTPOIU-
HaMUYECKHE TMOJI B IIMPOKOM KpYyre YCTPOHCTB MHUK-
POBOJTHOBOW TEXHHMKH: B MOOWIBHBIX TeledoHax,
MHUKpPOBOJIHOBBIX I€4ax, Pa3lIU4YHBIX aHTEHHBIX U pa-
JApHBIX yCTaHOBKAX.

B npubopax cunbHOTOYHOHN 3IEKTPOHUKH HEOOXO-
JUMO JIOTMOJIHUTENBHO paccMaTpuBaTh YpaBHEHUS
MepeHoca 3apsAf0B M HMX BO3MOXHBIX B3aMMOAEH-
cTBHH [3], 0OMHAKO MOAETHPOBAHNE TAKUX IICKTPOPH-
3MUYECKUX IIPOIECCOB IPENCTABISIET CAMOCTOSATEINb-
HyIO TIpo0JieMy, Ha KOTOpOW B JaHHOW paboTe MBI HE
ocraHaBiuBaeMcsa. OTMETUM Tak)Ke, 4TO JaHHBIE Ma-
TEMaTUYeCKUE MOJIEIH aKTyallbHBI U 17151 pa3HooOpas-
HBIX TE€XHOJIOTHI T€03JeKTpopa3Benku 5], oTauyaro-
muxcsa (opMaJbHO TOJNBKO APYTHMH JAWANa30HaAMH
HCIOJIB3yEMBIX 4aCTOT.

B xapakTepHBIX MPaKTHUECKUX MPUIOKEHUAX pac-

yerHast obmacte Q=UQ,; cocrour u3 momobnacreit
(), ¢ pa3IM4YHBIMH MaTepHaJbHBIMU CBOMCTBAaMHM, Ha
BHYTPEHHUX IpaHunax ', pasnena KOTOPBIX BBIION-

HAIOTCA YCIIOBUSA COIPSZKCHUS, IMPEANOJIararomme oT-
CYTCTBHC TOBCPXHOCTHBIX TOKOB U 3apA10B

;ix(E*—E*):o, ﬁ-(u:ﬁ+ —p;ﬁ7)=0, (4)

rae 3Haku "+", "-" — mpenenbHbIE OAHOCTOPOHHUE
3HAYCHUS TOJISI HA TIOBEPXHOCTH.

B nono6nactu Q; ¢ MOCTOSHHBIMU 2IEKTPOGU3H-

YeCKUMU napamerpamu npu j =0 paBeHCTBO (2) cBo-

JUTCS K BEKTOPHOMY KOMILIEKCHOMY YpPaBHEHHUIO
I'enbMmromabia

~AE +p,xE=0, 5)

KOTOpPOC BBIBOAUTCA C MNOMOIINBIKO BCEKTOPHOI'O COOT-
HOIICHUA

rotrotE = —AE + grad divE

" yucra 663,Z[I/IBCpFCHTHOCTI/I QJICKTPHUYICCKOI'O IMOJIA.

HJ’IFI HCCICAOBAHUA U PCIICHUA 3JICKTPOAUHaAMUYC-
CKHX 3aaad ‘lpeBBBI‘lafIHO B(b(l)eKTI/IBHBIM SABIIACTCA
BBCACHUC BCKTOPHOI'O0 U CKAJAPHOI'O MOTCHIIMAJIOB B
COOTBECTCTBHH C COOTHOIICHUAMN

Ezurﬁ=LVxZ, E=Z+VV,
®

B pe3yjibTaTe Yero MbI MOJydaeM aHajorumdHoe (2)
ypaBHEHUE

1o =) . = .
Vx| —Vxd [=kge, (A+VV ) ==ikyz]
M,

J71st moTeHuanoB A u V u3 coornowmenmuii (3), (%)
BBIBOJIIITCS KPacBhIC YCIIOBHS Ha BHEIIHEH W BHYT-
PEHHHX TpaHHIIaX.

TeopeTnueckne BOIPOCH CYLIECTBOBAHUS M €AMH-
CTBEHHOCTH PEIIICHUS] pacCMaTPUBAEMBIX 3a7ad B 00-
IeM ciiydae SIBIISIIOTCS OTKPBITBIMU. bynem mpeamo-
JlaraTh OTCYTCTBHUE pPE30HAHCHBIX YacTOT, M YTO
HCKOMOE PEILIEHNE ONPEAEICHO ONHO3HAYHO, SBIACT-
Csl KyCOYHO-TTIaIKUM (IOMYCKAIOTCSI OCOOCHHOCTH Ha
rpaHUIaX pasjiefla Cpel W B YIiax) U TapaHTHPYET
000CHOBaHHOE MTPUMEHEHHE PACCMATPUBAEMBIX Jajiee
MaTeMaTUYECKUX METOJIOB.

CoBpeMeHHBIC MPaKTUYECKUE TPeOOBaHUS K TOU-
HOCTH PacueTOB MHOI'OKOMIIOHEHTHBIX 3JIEKTPOJUHA-
MUYECKUX CHCTEM OOYCIIOBIMBAIOT IPUMEHEHUC
TPEXMEPHBIX MOJEICH M aJalTUBHBIX HECTPYKTYpPH-
POBaHHBIX CETOK C BHICOKMM pPa3pellcHuEM, HaCUUThI-
BAOIIUX JIO MUJLTHOHA Y3JIOB U OoJiee.

Jlst anmpokcuManuy BEKTOPHBIX KPAEBhIX 3a/1a4 B
HACTOsIIEe BPeMsl MONyYUIN HanboJiee YHHBEPCAIb-
HBIC METO/IBI KOHEUHBIX 3neMeHToB (MKD) ¢ BekTop-
HBIMH W CKAJIAPHBIMU Oa3UCHBIMH (DYHKIUSIMHU pa3-
JUYHBIX TOpAAKoB [6—S8]. OmHako BO MHOIHX
cayJasix YCIHENIHOE MPUMEHEHUE HaXOHSIT U JKOHO-
MUYHBIC METOJIbI KOHEUHBIX 00beMoB (MKO, [9—I11]),
OCHOBaHHBIC Ha XOPOIIO paclapajlieInBaeMbIX II0-
AIIEMEHTHBIX TEXHOJIOTHSIX.

[Tonyyaempie B UTOre AMCKPETU3ALMU CHUCTEMBI
JTUHEHHBIX anreOpanveckux ypasHeHui (CJIAY) siB-
JITIOTCSL B OOIIEM clydae KOMIUICKCHBIMU M CBOJSATCS
K BEIICCTBCHHBIM CHUCTEMaM C HECHUMMETPUYHBIMHU
pa3peKEHHBIMA MaTPUIIAMH, UMCIOIIMMU 3HAKOHEOII-
PENENCHHBIN CIEKTP W CHEIHAlbHYI0 OJIOYHYIO
CTpYKTYpy. WX pelieHue TpajguIMOHHBIMU HTEpally-
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OHHBIMH aJTOPUTMaMH MNPEACTaBIsCT cOOOH TpyHao-
€MKYIO BBIUYMCIUTEIbHYIO NpoOieMy, peanu3anuu
KOTOPOH TOCBAIIEHO OONBIIOEC YHCIO IMyOIHKaIrui
[12—14].

Bonpockl KOMITBIOTEPHOM PECypCcOEMKOCTH CTaHO-
BATCSI OCOOGHHO KPUTHUYECKHMHU MPH aBTOMAaTH3aALUH
MPOEKTUPOBAHMS WIH ONTHMHU3ALUN PEXUMOB pabdo-
THl M OKCIUTyaTallMOHHBIX XapaKTEPUCTHK MPUOOpPOB
WIN YCTPOWCTB, KOrga Tpedyercs pemaTh oOpaTHBIC
33J1a4ll CHHTE3a C MHOTOKPATHBIMH HPSMBIMH pacye-
TaMH MapaMeTpU30BaHHBIX KpaeBbIX 3a7ay. [ aBHBIM
CPEACTBOM O0€ECIIEUEeHHUs] pacyeToB B peajbHOM Bpe-
MEHH SIBJIAIOTCSA paclapajuleIMBaHHe alrOpUTMOB U
UX O0TOOpaXEHHE Ha apXUTEKTYPy MHOTOIPOIECCOp-
HBIX BbIUMCIUTENBHBIX cucTteM (MBC), a Tawke mpu-
MEHEHHME U pa3BUTHUE COBPEMEHHBIX BBIUYMCIUTEIBHO-
WH(OPMALMOHHBIX TEXHOJIOTUH ISl pa3padOTKU BBICO-
KOITPOU3BOAMTEIHLHOTO IPOrPAMMHOI0 00EeCTIEUEHHSI.

Jannas paboTa mocTpoeHa cIeqyloumM o0pa3oMm.
CHayana faeTcd KpaTKO€ M3JI0KEHHE aNMpPOKCHMAIIH-
OHHBIX M ajreOpanyeckux METOAOB YHCIEHHOTO pe-
LICHUSl paccMaTpuBaeMbIX mpobnem. JlanbHeimee
M3JI0’KEHHE MTOCBSIIAETCS IEMOHCTPALIMY PE3yIbTaTOB
YHUCIICHHBIX SKCIIEPUMEHTOB Ha CEPUHM METOIMYECKUX
TECTOBBIX mNpuMepoB. OOCyXIaroTcss BOMNPOCH BbI-
YHCIUTENbHO-UH()OPMAIMOHHBIX TEXHOJOTUH, Mpo-
TpPaMMHBIX peaji3aluidi ¥ pacnapaijieMBaHus auro-
putMoB Ha MBC mnpu penieHnn pecypcoeMKHx 3aaad
MHOTOBAPHAHTHOTO MaTEMAaTUYECKOIO0 MOAEIMPOBA-
HUSA, TPOEKTHPOBAHMS M ONTHUMM3ALHUU CIOXKHBIX
AIIEKTPOPU3NUECKUX YCTPOHCTB.

ANNpoKcHManMOHHbIE U ajredpandeckue
MeTO/IbI

VYcnex HayKOEMKOr0 MOJAEIHMPOBAHUS B 3HAYU-
TEIBHOU CTENEHH OINpEICNsieTCcS YPOBHEM MaTeMaTH-
YeCKOH MPOpabOTKU MPUMEHSEMBIX allTOPUTMOB, Cpe-
1 KOTOPBIX B pPaccMaTPUBAEMBIX MPHUIOKEHUIX
KIIIOUEBBIMU SBJISIIOTCSL KaueCTBEHHAs AaMMpPOKCUMa-
LMsI BEKTOPHBIX TPEXMEPHBIX KPACBBIX 3a/ady C Ky-
COYHO-TJIAJIKUMU TPaHUIAMHU U (DU3HYCCKUMHU CBOM-
CTBaMH, a TaK:Ke OBICTPOE PEIICHNE CHMMETPUYHBIX U
HecummerpuuHbix CJIAY Beicokoro mopsinka (10 jie-
CATKOB M COTEH MHJUTHOHOB). /laHHBIE MTPOOIEMBI TT0-
JyYUIU CYIIECTBEHHOE Pa3BUTHE B IMOCICOHEE NECs-
TUJIETUE, U HKMEHHO 3THM BOIIPOCAM IOCBSAIICH
HAaCTOSIIMK pa3jen.

Cemounsie ajzopummbsl annpoKkcumauyuu

[locnenoBaTenpHO OCTAHOBHMCSI Ha METOJAX KO-
HEYHBIX DJIEMEHTOB M KOHEYHBIX O0OBEMOB, a TaKXKe
JaadM WX OCHOBHBIC CPaBHHTENbHBIC XapaKTepPHCTH-
KH C PAKTHYECKON TOYKHU 3PEHUS.

PaccMOTpeHHBIM BBIIIE KJIACCUYECKUM ITOCTAHOB-
KaM KpaeBbIX 3alad s auddepeHIranbHbIX ypaB-

HEHHUH COOTBETCTBYIOT SKBUBaJCHTHBIE (B OMperesieH-
HOM CMBICIIE) BapUalMOHHBIE (OPMYIUPOBKH IS
99

0000IIeHHBIX perreHni. st “anekTpudeckoit’” 3a1a4u
8apUAYUOHHOE YPABHEHUEe UMeem U0

(J;HLF(VXE).(VX\T/)CZQ—! u—lr(VxE')xr_i x "
xGdS—[(E-y)dQ=](F-§)dQ, VyeH",
Q

Q

a 6 mepmunax nOmeHyualos — 8U0

J)i(VxZ)-(Vxﬂ})dQ—lj: i(VxZ)xﬁ X

X\T/dS—(le(A-\TJ)dQ=££K(VV-\T/)dQ=(jZ(F-\T/)dQ.

()

B Bapuanmonnsix nocranoBkax (6), (7) npeamnona-
raercs, 4to OOOOIICHHBIC pEIICHHs MPUHAMICKAT

KJaccy H“’t(Q), T.e. E wm A u V, a taxxe

rotE, rotA IOpUHaJuIekaT kiaaccy QyHKUUd L, (Q),

MHTErPUPYEMBIX C KBaJpaToM B obnact Q. 31ech ke
y 0003HaYaer J00YI0 BEKTOPHYIO MPOOHYIO (yHK-

wnto w3 H* (Q) (npunamnexatyio knaccy H™ (Q)

U YAOBJIETBOPSIONIYIO JOMOJHUTEILHOMY YCIOBHIO
paBeHCTBa HYIIO Ha rpanunax Iy, I;). B paborax [4, 6]
MOKa3aHO, YTO TPEICTaBIECHHBIE BapHAIlIOHHBIE
MTOCTAHOBKM HMMEIOT €UHCTBEHHOE pEIIEHUE ISl OC-
HOBHBIX 3a/1a4 3JIEKTPOMarHeTu3ma.

Jnst anmpokcMManuu KpaeBoW 3aladd pacueTHast
00JIaCTh AUCKPETUZUPYETCS IYTEM MOCTPOCHHS a/all-
TUBHOW CETKH, T. €. pa30ueHus () Ha HemepeceKaro-
Hecsl KOHEUHBIE 3JIEMEHTBI MM OOBEMBI, KOTOpHIC
MOI'YT HMEThb pa3iuyHble KOH(QHUTypauud, HO JUIs
enuHOo00pa3us Mbl OyAeM Mpearnoiaratb X Terpad.-
pamu. [Ipu 5TOM HEeoOX0aMMO, YTOOBI BEpPIIMHEL, ped-
pa ¥ IJIOCKUE TMOBEPXHOCTH TpaHulbl [ Takke sBIS-
JUCHh y37aMH, pedpaMu M TpaHsMH ceTkd. llpu
HAIWYUN KPUBOIWHEWHBIX TPAHUYHBIX MTOBEPXHOCTEH
OyzeM s MPOCTOTHI MX AammpOKCUMHPOBATH ILIO-
CKHMH CETMEHTaMH.

[Tycts 17_'/, j=1,2,3, 4 — cyTb BepUIMHBI HEKO-

Toporo terpa’npa T, a u(e) u v(e) — HavampHas U
KOHIIEBBIC TOYKU KAaKOro-TO e€ro pedpa e. B kaxgom
W3 TETpad’ApoB BBENEM JIMHEHHBbIC Oa3ucHblE (DYyHK-
mm L, i=1, 2, 3, 4 u BekTOopHbIEe 6a3UCHBIE PYHK-

Uy,
BEpLIMHAMU U pedpamu:

accouuupyemMbi€ C COOTBCTCTBYHOIIUMU

Li (7'/ ) = 8[,_/; \_pe = Lv (e)VLu (e) — Lu (e)VLv(e) .
HewnssecrHbie BCKTOPHBIC U CKAJIAPHBIC q)yHKL[I/II/I B
KaXXJIOM TCTPasApeC arllpOKCUMUPYIOTCS BBIPAKCHUAMU
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E" =Zu,~E\T/,~; A" =Z%A\Tfl~; v =Zuiyln

rae u’, u m u — mHomIexammMe ONpeeNEHHIO
YHCIOBBIE KOO OUITUCHTHI.

Takum 00pa3oM, KOHEYHO-MEPHYIO ampOKcHMa-
LUI0 HMCKOMOTO pEIICHHS HWIIEM W3 BapUallMOHHOU
nocraHoBku (6) wiu (7), rae B KauecTBe \J TepeOu-

patoTcs Bce BBeneHHBIE OazucHble GyHKuuU. Hampu-
Mep, u3 (6) momyyaem

Suf ji(qu}j)dQ—j i(V><\Tji)><7_i x
i alt, s\ H, )

<, dS =¥, 5,;) dQ | =] (F-§,) dQ.
0 )
[Nocre BRIUMCIICHNST HEOOXOIMMBIX MHTETPAIIOB B (8)

(mpu 3ToM QyHKUHsA F Takke MOXKET OBITh anmpoK-
CHMHPOBaHa C TIOMOIIBIO0 0a3UCHBIX (YHKIHMI) TOTY-
gaem CJIAY

A"ut =7, AEZ{Af_/}’ ”E:{M’E}’
£o={5

rne A%, u* u f¥ — kBampaTHas MAaTpHIIA U BEKTODHI
pasmepHocTu N,, paBHOW KOIMYECTBY CETOYHBIX pe-
oep.

AHAJIOTHYHO CTPOMM alreOpanueckyro CHCTEMY

U1 TIOTCHIIUAJIOB, KOTOpas B OJIOYHOM apceacraBlic-
HHUHU UMECT BU

1 1 u’ 1

o .[AE]. s Pl o

AV
A u=

fAV,

7]

rJle eIMHMYHAs MaTpuua / M HOABEKTOp u' HMMEIOT
Vv
opsAAOK N,, pa3MEPHOCTh MOABEKTOpa U pPaBHA YHC-

N,,N,
Ty Y3J10B CETKU N,, a Gz{gi,/} eR™™ ectp “pe-
OepHO-y3/10Bas” MaTpUL@ MHUMACHTHOCTH: g, =—1
Wi 1, ecnu j ecTb HOMEp Ha4aJbHOIO MIIM KOHEYHO-
ro y3/a Ha i -M CeTo4YHOM pebpe, n g; ; =0 — B npo-

THBHOM cIyJae.

Meroasl KOHEUHBIX OOBEMOB OCHOBBIBAIOTCS Ha
WHTErpalbHBIX 3aKOHAX COXpaHEHUs, KOTOpbIE B TPH-
MEHEHHUH K BEKTOPHOMY ypaBHEHHIO [ enbmronsna (5)
HMMEIOT BUJ

) andv+ [uxE =0, )
s; on Vi

rae V; u S; — oO0beM U NOBEpXHOCTh suehku Jupux-
ne—BopoHOro, COOTBETCTBYIOIIEH j-y
Y31y CETKH;
A — BHEUIHSSI HOpMAJb K 5.

AHAJIOrUYHBIC COOTHOIICHUS BBIIHCHIBAIOTCS JUJISL

—

y-# ¥ z-1i KOMIIOHEHT BeKkTopa E.

[IpumeHsis Te WU JOpyrue METOJbI ANMPOKCHMA-
WY TPOU3BOJHBIX U UHTErpajoB B (9) (c yueTom yc-
noBwuii (3), (4) Ha BHEIIHUX W BHYTPEHHUX TPAHUIIAX
pacuerHOH 00J7acTH), MOJly4yaeM CETOYHBIE CHUCTEMBI
YpaBHEHUN pPa3IMYHON CTEEHH TOYHOCTU. Pa3mep-
HocTh nonydaeMbelx CJIAY npu sToM paBHa 3N, T. €.
YTPOEHHOMY YHCIY Y3JI0B.

Memoowvl pewrenusn paspercennvix CJIAY

[Tocne auckperw3anuu KpaeBOW 3ajadd C MOMO-
upio MK3 wim MKO met npuxoaum k CJIAY, koto-
PYIO 3aliChIBAaEM B (popMe

Au=f, A=D-L-U, (10)
rie A — KBajapaTHasi MaTpuia opsaka N;
D — nmaronanpHas (MM OJIOUHO-AMATOHATIHLHAS )
MaTpHIIa;
L v U — HIWKHSSA 1 BEpXHsS TPEYrOIbHBIE MAaTPULIBL,
COOTBETCTBEHHO.

B obmiem cinydae 4 ecThb KOMIUIEKCHAs! MaTpuIa, y
KOTOpOi BEIIECTBEHHAS! YacTh CIIEKTPa MOXET OBbITh
Pa3HBIX 3HAKOB, & U U f — 3TO “CYNEepPBEKTOpPHI”’, KOM-
MOHEHTHI KOTOPHIX B PACCMAaTPUBAEMBIX MOCTAHOBKAaX
COOTBETCTBYIOT Pa3lnYHOMY (PH3HMUECKOMY COIepKa-
HUIO.

[lepexonst OT KOMIUIEKCHBIX K BEIIECTBEHHBIM Be-
JTUYUHAM

A:Are_'_l-Aim’ u:ui'e+l-uin1’ f:fre_'_l-fim’

MOXHO 3amucarh 3kBHuBajeHTHyI0 (10) BemiecTBeH-
Hyto CJIAY

Are _Aim u re fre

Aim A re u im fim

CopemenHbIe 3()(peKTUBHBIE NTEPALIIOHHBIE TPO-
ecchl — 3TO MpenoOyCIOBIEHHBIE METOABI B TOA-
npocTtpancTBax KpsiioBa. B kauectBe mpumepa pac-
CMOTPHM npeno0yciaBIMBalOLIYIO MaTpHIly
00001IEHHOT0 aJIrOpUTMa CHMMETPUYHON MOCIIE0Ba -
TeNnbHOHN BepxHel pemakcanuu (SSOR), koTOphId sB-
nsiercst GOpMalbHO YacTHBIM CIIydaeM METoZa Hemod-
HOW (paKTopu3alMM, WM HEHNOIHOTO TPEYTOJIBHOTO
pasnoxkennsa (ILU), B mpuMeHEHUN K HECUMMETPHY-
Hoit CJIAY

(11)

rae 0 — penakcanMOHHBIN TTapaMeTp, MOI0HpaeMbIi
M0 YCJIOBHUI0O MHHHMHU3AIMK 4YHCIa 00y-
CIIOBJICHHOCTU MaTpHUIbI B~ 1A;
D — wmatpuua, mpearnonaracMas HeBbIPOXKICHHOM.

B=(G-L)G'(G-U), G=6"D,
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OcraHOBUMCS HAa HSKOHOMHUYHOM JIBYCTOPOHHEM
npenoOycnaBiuBaHuM AW3EHIUTaTa, OCHOBAaHHOM Ha
¢axropuzanun npegodycnapnuBaromei Marpunsl (11):

B=LU,, Ly,=(G-L)G"?, Uy,=G"*(G-U).

C ee nomouipio cuctema (10) cBomUTCS K DKBUBA-
JICHTHOMY BUY

Al =L AU Ugu=L;f=f, u=Umu, (12)
A€ BBECICHBI 0603Ha'{eHI/I$I

— (7 V2, 7 (7 7\ 'z,

u=(1-U)G"u; f=(I-L) G"f; (13)

Z — Gfl/chfl/z .

IpenobycnoBnenHas Matpuna A T10106HA MaT-
purte B'A u Moxer GbITh 3amucaHa B Gopme

-1

A=(1-L) +(1-0)" -(2-0)(1-L) ' (1-0)

Ee NpeUMYIICCTBO 3aKIOYACTCA B TOM, YTO YyM-

HOXEHHE A Ha MPOU3BOIBHBIA BEKTOP # OCYIIECTB-
nsercst o Gopmye

Zuz(l—f)il(u+(9—2)v)+v; v=(1+(7)71u,

KOTOpasi TpeOyeT MPaKTHYECKH CTOJBKO ke apudme-
THUYECKUX OMNepaluil, YTO U YMHO)XKCHHE BEKTOpa Ha
HCXOJHYIO MaTpHLly 4.

Ecnmu  wucnomnm3yercs Kakou-mub0  “MCXOAHBIN™
CXOMSIIMICS CTallMOHAPHBIA UTEPALIMOHHBIN ITPOLIECC,
TO €ro MOKHO 3aIKCaTh B BUJIE

W =Tu"+g, u" —>u, (14)
rJie MaTpuIla nepexona I MMeeT CIeKTPaIbHEIN paju-
yYC MEHBIIE SAUHUIBI U MOXKET COOTBETCTBOBATH, Ha-
MpUMeEp, HESIBHOMY METONY IMEPEMEHHBIX HampaBlie-
HUM, METONly NEKOMMO3UIUU U T. A. Toraa anroputm
(14) MoxxHO paccMaTpUBaTh KaK pelIeHHEe HEKOTOPOH
Mpeno0yCIOBICHHON CHCTEMBI

AuE(I—T)uzng, (15)
Y IPUMEHSTH K HEMY YCKOPEHHE C MTOMOILBIO METOAOB
B noamnpocrpancTeax Kpeuiora.

o FEcau mampuya A cummempuuna, TO pelICHUE
peno0ycIoBIeHHON crcTeMbl (12) 3KOHOMUYHO pea-
JIU3YETCsl C MOMOIIBI0 METOAa CONMPSLKEHHBIX Tpaju-
enroB (CQ):

n n—1 n—1,

n n—1 n—1,
pi=rAB,

B kauectBe YCII0BUS OKOHYAHHA I/ITepaLII/Iﬁ 10 3a-
Z[aHHOfI TOYHOCTH € BI:I6I/IpaCTC$I COOTHOIICHUEC

(r”,r”)s(f,f)sz, e<<l1,
MOCNE BBIMONIHEGHUS KOTOPOTO BOCCTAHABIMBACTCS
WCXO/HOE pelieHue mo ciaeayromei u3 (13) dbopmyie
—\-1
1/2 —
u" =G (I—U) u”.
JlaHHBIA METOJ| SABJSICTCA ONTUMANBHBIM B TOM

CMBICTIC, YTO OH MHWHUMUIUPYCT (bYHKHI/IOHaJ]

D, (r” ) = (Zilr", r" ) B moxnpoctpancTee KpbuioBa

KnJrl(FO,Z):span{ po’pl’”"pn} _
- (16)
{0, )

e FEcmu mampuya A HecummempuyHa, TO IS
pewmenus (12) a¢ppeKTUBHO MPUMEHHUMBI METOBI TO-
JYCONPSDKEHHBIX HAaIlPaBIICHUH]:

0

N

—0 =0
u; p =r; n=01..:

7= f-
)

B&:) — (Zs;nJrl’FnJrl )/(Zs7i1’7n ), (17)
n n
pn+l _ rn+l + z Bgv}{pwrl,l — pn+1,l +kzoB2\:3(pk;

k=0
. n+1,0 _ —n+l,
le[O,l,...,n], p =7r";

n+l,l _ 1 n+l _ __n+ln

Pt =pt T, T p =
rae s = 0,1 — Merox monyconpsiKeHHBIX TPaIUeHTOB
(SCG) nnm meTox nmomycomnpsbKeHHbIX HeBA30K (SCR),
COOTBETCTBEHHO.

Anroput™ ¢ s = (0 HECKOIBKO YKOHOMHYHEE, HO
npu s = 1 — Oomnee HaleKeH, TaK KaK OH B MOAMPO-
crparcTBax (16) MUHUMHU3UpYET IJIWHY BEKTOpa He-

BS3KU, T. €. (PYHKIHOHAT d)l(r”):(r",r”). 310

CBOMCTBO CIIPaBEeJIMBO U ISl 3HAKOHEONPEAETEHHON
MAaTpHIl A, €CITH TOIBKO OHA HEBBIPOYXK/ICHA.
Meronst (17) mpu GonbIIOM YKCIIe UTEpaluil Tpe-
OyIOT CIIMIIKOM MHOTO MaMsTH IJIsl XPaHEHUs KOOp-
JIMHUPYIOUMX BeKTOpoB p’, p', ..., p". B Takux ciyda-
X MPUMEHSIOTCS MOTM(DPHUKAIIMH WK C OTPAHUYCHHON
OpTOTOHAJM3alMe, T. €. HCIOJIB30BaHHE TOJIBKO
3aJaHHOTO KOJHMYECTBA 71 TOCIETHUX BEKTOPOB
P, L P, nmm ¢ mepmomMueckuM mpoBenie-
HHEM pEecTapToB, KOTJa Ha HMTEpalMsiX C HOMEpPaMu
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m, 2m, ... HCBA3KA BBIYHCIIACTCA HC M3 MPUBCACHHBIX
PECKYPPCHTHLBIX COOTHOHJCHI/Iﬁ, a 10 UCXOJHOMY ypaB-

HEHHIO (r” =]_"—Zt_t,n=m,2m,...) [8].

Meroxg SCR 3KBUBalE€HTEH MO CKOPOCTH CXOIU-
MOCTH HTEpalii U3BECTHOMY METOAY OOOOIIEHHBIX
MUHUMaNBHBIX HeBs30Kk (GMRES), Ho mporie B pea-
JIU3aIluH, TTOCKOJIBKY HE TpeOyeT pelieHus BCIOMOTa-
TEIBHOHN alre0panyecKol CUCTEMbI ¢ MaTpuilei Xec-
ceHoOepra.

OTMeTuM, 4TO MPHU UCTIONB30BAHUU METONOB Kphi-
nmoBa jis pemienuss CJIAY (15) sBHOro mpencrasie-
HUsL MaTpunbl I W BekTopa g He Tpedyercs, Io-

CKOJIbKY B CHUJIY COOTHOIICHHH
0 =f—Zu0 =Tu0+f—u0, Zp” =p"-Tp"

Ha KaxkgoMm mare (17) ¢akruyecku TpeOyercs peanu-
3a1Hs OMHON “UCXOIHOM” nTeparmu 1o Gopmyse (14).

YucaeHHbIE IKCNICEPUMEHTDbI

[IponemoncTpupyem 3PQeKTUBHOCT PacCMOT-
PEHHBIX aJITOPUTMOB Ha TPEX XapaKTEPHBIX NPUMEPAX,
MMEIONIMX aHaJIUTHYeCKue perneHus (tabm. 1—3). Pac-
4eTHast 007acTh BO BCEX CIy4asX €CTh Mapalieienu-
neg 0<x<72, 0<y<34, 0<z<200, rae pasmepsl
JaHbl B CAHTUMETPAX, a 4acToTa paBHa /= 67 [T

[ToBepxHOCTh z = 200 ecTb BOJIHOBOH BXOJ| C Ipa-

—

> .. TTX
HUYHBIM YCJIOBUCM Er = ey sm—2, a OCTaJIbHBIC I'pa-
7

HHUIBI TTPCACTABIIAIOT coboit HI[GaJILHBIfI SJICKTpHUYC-

CKUI MTPOBOJHUK ¢ ycioBusimu 71 x E = 0.

Tabmuma 1
OummodKH YHCIeHHbIX pelleHui
N, Tecr 1 Tect 2 Tecr 3
MKD | MKO | MKD | MKO | MKD® | MKO
16 [7,10-10" | 1,6-10° | 2,6-10°" | 1,0-10° | 6,7-107" | 1,7-10°"
32° | 2,7.10" {2,810 1,410 | 5,510 | 3,1.107" | 4,1.10
64 | 1,1.10" |6,410%] — [7,9102]1,6:107" | 1,0-107
Tabmuma 2
Yuci10 uTepanuii Ui pasHbIX METO10B
N Tecr 1 Tect 2 Tect 3
P IMKD | MKO | MK? | MKO | MK3 | MKO

16> | 173 53 1169 225 242 112
32° | 402 96 2240 356 509 216
64° | — 154 — 531 1544 395

OTHOCHTENbHAS MAaTHUTHAS TIPOHHUIIAEMOCTh BE3IC
paBHa L, = 1, a DJIEKTpUYECKUE TPOHUIIAEMOCTH 3a]1a-
HBI CIEAYIOUINE: ISl IEPBOTO U TPETHEro TECTOB Cpe-
na ogHopoxHas (.= 1 u g,= 1 — 0,17, T. e. Bemect-
BEHHAss W KOMIUICKCHAs, COOTBETCTBEHHO), a JyIs
BTOPOT'0 — KyCOYHO-OHOpOAHAs (€,= 5 anst z < 100 u
€= 1— miaz>100).

Tounoe pemenue s tecra 2 (cm. Tabdmn. 1, 2), Ha-
pUMep, IMEET BUJT

é, sin%(Al,sinylz+B1 cosy,z), z>100,

E

e, sin% 4,siny,z, z<100,

rJie TIOCTOAHHBIE A, A,, B, onpenensiorcs H3 rpa-

HUYHBIX YCIOBUH H Y, = \/kgs(,k)u, - (n/72).

Tabmuma 3

TecT 3: BelunciaurebHbIe pecypchl peniaTeliei

SCR Pardiso
n |Ty,c| Ty, ¢ |MemGB| T, c|T,, c|MemGB
16> | 59582 |216|154| 13,4 | 028 [15,6]6,7| 044
32° | 50009 411|664 | 495 3,73 | 865|302 5,78
64° |4096766|988 | — |17844| 47,6 | — | — | >64

Cetka N

O6o3nauennss B Tabm 3: N — mopsnok pemaemoit CJIAY
(paccmatpuBaercst anmpokcuMarst MKD g moreHmmanoB
A,V'); n— uncno urepamuit meroga SCR; Ty, Ty — BpemeHa
cdyeTa B OHO- M YETHIPEXIMOTOKOBOM ITapaUICIHbHOM PEXKUME;

MemGb — o0bem omepaTuBHOM mamsTé B rurabaifrax, TpeOye-
MOH ISl peajin3alyil alrOPUTMOB.

Pacuersl mpoBogunuch Ha cepBepe C YETHIPHMS
nporeccopamu Intel Itanium 2, wacroroit 1,5 [T u
o0miei mamsaTeio 64 ['0aliT, co cTaHIAPTHOW JBOMHOMN
TOYHOCTBIO W KPUTEPUEM OKOHYAHUSA HUTEpaLuid
e=10".

AnnpokcuMalui METOJaMU KOHEUHBIX 3JIEMEHTOB
Y KOHEYHBIX 00HEMOB MPOBOMINCH HA TPEX PaBHO-
MEPHBIX CETKaX C KOJIMYECTBOM CETOUHBIX Mapajie-
JICIIUIIEAOB 163, 32%u 643, KaXXJIbI U3 KOTOPBIX 3aTEM
pa30uBaJiCs Ha MIECTh TETPAdIPOB.

B Tabn. 1 mpuBeneHB! BEIMYMHBI MaKCHMAaJIbHBIX

1o obmactu ommoOok AFE =‘E” —Eh‘ CETOYHEIX 3Ha-

YeHMI HIIEKTpIYEcKoro oms £ | BHIYHCICHHBIX VIS
MK?3 1 MKO B eHTpax TsLKECTH TETpa’apoB.

B Tabn. 2 mpuBeaeHO YMCIIO UTEpAllUi IS pele-
Husa CJIAY, nonydennsix n3 MKO u MK3. B noc-
JIEHEM ClIy4ae pacCMaTpUBaEeTCAd MOCTAaHOBKA B TEp-
MUHAaX MOTEHIHUAJIOB (IJI CHCTEMBbl OTHOCHUTEIHEHO
9NEKTPUYECKON HANpPSHKEHHOCTH UHUCIO HUTEpaluu
ropasao Oomnble).

U3 Tabn. 2 BUAHO, YTO A PACCMOTPEHHBIX HpU-
MepoB gucno urepauuii B MKO cymiecTBeHHO MEHb-
me, yeM B MKD. C yMmeHbIIeHHEM /1 4HCIIO HTEpa-
LU Be3JIe pacTeT MPUMEPHO JTUHEWHO.

Jlannpie Tabn. 3 WUTIOCTPUPYIOT HA TPEThEM IpU-
MEpE CpPaBHUTEIBHYIO PECYPCOEMKOCTb HTEpPALMOH-
Horo Meroga SCR u mpsiMOro Merosia rayccoBCKOTO
WCKIIIOYEHUS, pPEaTU30BaHHOTO B M3BECTHOM MpO-
rpamme PARDISO wu3 Oubmuorekn Intel MKL
(Mathematical Kernel Library, [15]).
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BOII[)OC])I BBICOKOIIPOMU3BOIUTECIbHBIX
BBIYHCJIUTEIbHBIX TEXHOJIOTHI

D¢ dexTuBHOE TPUMEHEHHE MaTEeMaTHYECKUX MO-
Jeneid U BBIYMCINTEIBHBIX METOJO0B AJISl MCCIIEHOBa-
HUSI, ONTUMH3ALNU U MPOCKTUPOBAHUS TEXHUYECKHX
YCTPOICTB BO3MOKHO TOJIBKO MPH JIOBEACHUH Teope-
TUYECKUX Pa3pabOTOK 0 YPOBHS BBICOKOIPOM3BOIM -
TEJILHOTO MPHUKIAAHOTO MPOrPaMMHOTO 00eCeueHHs,
METO/IOJIOTHYECKHE OCHOBBI KOTOPOI'O0 COCTaBIIAIOT
CaMOCTOATENIbHYIO HAayYHYIO AMCHUIUIMHY JOCTATOY-
HO mmpokoro mpoduis [16]. Peanuzamus xe mpo-
MBILIIICHHOTO0 TPOTrPaMMHOTO MPOAYKTa, OpUEHTHUPO-
BaHHOTO Ha IIMPOKOE HCIOIb30BaHUE KOHEYHBIMH
MOJIL30BATENSIMI Ha COBPEMEHHBIX MHOTOIPOILIECCOP-
HBIX BBIYHCIHMTEIBHBIX CHUCTEMaX, COCTAaBISIET YXKe
coJiep)KaHne HAYKOEMKUX MPOu3BOIACTB. OCcTaHOBUM-
Csl KOPOTKO Ha KITIOUEBBIX TEXHOJOIMYECKUX Mpodie-
Max, pelIeHre KOTOPBIX MPEACTABISIET 3HAUUTENBHYIO
COCTABIISIIONIYIO TPO(ecCHOHATBLHON —AeSTeNbHOCTH
MPUKIaTHOrO MaTeMaTHKa U IPOrpaMMHUCTa!

o [eomempuueckoe u hyHKYUOHATLHOE MOOeNU-
posanue. JlaHHBIE BONPOCHI OYEHb COACPKATEIBHBI
IpU pacyeTrax TPEXMEPHBIX YCTPOMCTB CO CIOKHOH
CTPYKTYpHOH KOH(UTypaluei: KpUBOIHHEHHbIE MHO-
TOCBSI3HBIC TPAHULIBI C YIJIaMHU M pa3HOMaCIITa0OHBIMH
JeTasiMU, pa3ndHble MaTepUaIbHBIE CBOMCTBA Cpex
C pa3pblBaMd U CHIIBHBIMH OTIMYHUSIMH CBOKCTB (u-
3u4ecKux Kod(puIueHToB. B 3Tux ciaydasx HeoOxo-
IUMasi TOYHOCTH aIllPOKCHUMAlMOHHBIX aJTrOpUTMOB
obecreunBaeTcs TOJNBKO MPH ydeTe JaHHBIX 0cOOeH-
HOCTEH, KOTOpbIE TOJDKHBI OBITH OHO3HAYHO OIpere-
JICHBl BO BXOJHOM IIOJB30BATENLCKOM HWHTepdeice.
310 TpeOyeT BBICOKOTO YPOBHSI MHTEIUIEKTYaIbHOCTH
OIMCAaHMsI TEOMETPHUECKUX M (DYHKIHOHAIBHBIX 00b-
€KTOB, OCOOEHHO B CBSA3U C HEOOXOAUMOCTBIO UX BO3-
MOXHBIX MOAM(HUKAUWN MPU MHOTOBAPHAHTHOM MO-
JETUPOBaHMHM, a TaKKe C HArAOHOM Trpaduyeckon
BH3YyaJlu3alieil pacCUNTHIBAEMBIX YCTPOMCTB.

CoBpeMeHHBIE MPOrpaMMHBIE TEXHOJIOTHH  JUIS
9THX 1enell 0a3upyroTcsa Ha 00bEKTHO-OpUEHTHPOBAH-
HBIX CpEIACTBax. AHAJOTHYHBIC BOIPOCH! PEIIAOTCSA,
HO HEJOCTAaTOYHBIM IJISi MOJECIHPOBAaHUSA 00pa3oM, B
MHOTOYUCIIEHHBIX CHUCTEMaxX aBTOMAaTH3alUH IPOEK-
tupoBanusi (CAIIP wmm CAD, CAE, PLM u 1. 1.).
C TOYKH 3peHHsI MPAKTUIECKUX MPUIOKEHHH BaXKHBIM
TpeOOBaHUEM K HAYKOEMKOMY MpPOrpaMMHOMY oOec-
MIEYCHHIO SIBIISICTCS COBMECTHMOCTD (IKCIIOPT — UM-
nopt) reoMerpuueckux cTpykryp manueix (I'CH) c
“CanpOBCKUMU TPOMBIIIJIEHHBIMU HTPOAYKTaMH, HC-
MOJB3YIOIIMMHU THITOBBIE (DOPMATBI KOHCTPYKTOPCKHX
JOKYMEHTOB.

e (CaMOCTOATENbHOM AaKTyallbHOM M JI0 KOHILA
HE PCIICHHON SABIISCTCI npobiema “Xxopouwei” ouc-
Kpemuzayuu paciemuoti obnacmu, T. €. NOCTPOCHUS
aJalTUBHOM CETKH, OT Ka4eCTBa KOTOPOH BO MHOTOM
3aBHCHT YCIIEX BCET'O YHUCIEHHOTO MOJIEIUPOBAHHMSL.

AZanTUBHOCTh K OCOOCHHOCTSIM T€OMETPUH H HC-
KOMOTO peIIeHHs O3HayaeT, 4YTO BEpIIMHBIL, pedpa H
MOBEPXHOCTH TPAHULBI JOIKHBI SBJIATHCS (B Maease)
CETOYHBIMHU y3JIaMH, peOpaMd U TpPaHAMH, a “TUIOT-
HOCTH” pacloJIOKEHHs Y3JI0B — COOTBETCTBOBAaTh
muQQepeHInanbHBIM CBOMCTBAM CaMUX PaCCUUTHI-
BaEMbIX HEH3BECTHBIX (DYHKIUH.

COOTBETCTBYIOIIME T'€HEPATOPHI CETOK OCHOBAHBI
Ha HCHOJB30BAaHUM AMPHOPHBIX TEOPETHUECKUX OIle-
HOK WJIM aroCTePUOPHON MH(OpPMAIMK C TIOCTPOSHUEM
W3HAYaJbHBIX TPYOBIX TUCKpETH3aluil U TOCIEnyIo-
mMx uX yrouHeHui. [lomyuaemble cCEeTKH SBISIOTCS
HECTPYKTYPHPOBaHHBIMU  (HEpETyISpPHBIMH), a BO
MHOTMX HECTAallMOHAPHBIX 3aJadyax — M JUHAMHYe-
CKUMH, TaK 4TO BONPOCHI HMH(POPMALUOHHOTO OTO-
OpakeHHs] WX TOMOJIOTHH TPEACTABISIIOT HETPUBH-
aJBHYIO 3a]a4y.

OdeHb Ba)KEH M IPYroil acleKT — aHaJIn3 KauecTBa
MOJTy4aeMOM CETKH U YAOBJIETBOPEHNE MHOTOUHCIIEH-
HBIM CYIIECTBYIOIIMM KpuTepusaM. “CyxuM ocTat-
KOM” JTaHHOI'O 3Tala MOJEIHPOBAHUS SIBISETCS ce-
ToyHast cTpykrypa aannbeix (CCJ), nmpencraisromas
BCI0O MH(OpMALMI0O O CETOYHBIX 3JIEMEHTaX M UX
B3anMOCBsI3aX. [IporpamMmHoe oOecriedeHue mocTpou-
TeNel JBYX- U TPEXMEPHBIX CETOK Ha MHPOBOM KOM-
MEPUYECKOM PBIHKE U B CBOOOZAHOM AOCTYIIE UMEETCS B
JIOCTATOYHOM KOJHMYECTBE, HO BOMPOCHI BO3ZMO)KHOTO
uX 3(QGEKTHBHOTO HCIONB30BaHUsI B KOHKPETHBIX
paszpaboTkax Ui MOJETUPOBAHMS HYXHOTO Kiacca
3ama4 (WIKM peaju3aluy CHEeUUaNbHBIX aJTOPUTMOB)
TpeOyYIOT KBaAIM(UIMPOBAHHOTO PELICHUSI.

e [locne moctpoenus cerku u CCJl Ha ocHOBe
€IMHOOOPa3HbIX IO3JEMEHTHBIX TEXHOIOTUH MOTYT
OBITH pean30BaHbl ANNPOKCUMAYUU KPAEBLIX 3a0aY C
nomowwvio MKD unu MKO. VX o01mas uaes 3aKirova-
ercs B TOM, 4YTO KO03((HUMEHTH W mpaBble YACTH
dhopmupyembrix CJIAY BbIpakaloTCs C MOMOIIIBIO TT0-
BEPXHOCTHBIX M OOBEMHBIX HMHTErPaJiOB, KOTOpHIE
€CTECTBEHHBIM 00pa3oM pa30MBalOTCsi HA CyMMBI WH-
TErpajioB MO CETOYHBIM KOHEYHBIM 3JieMeHTaM (00be-
MaM) W TpaHsM. B anreOpamueckoll WHTEpIIpeTaluu
9TO O3HAYAET, YTO “‘III00abHBIC” MATPHUIIBI U BEKTOPBI
NpaBbIX YacTedl pa30MBarOTCS Ha CYMMBI JIOKaJbHBIX
MOAMATPULl U TOABEKTOPOB, KOMIIOHEHTBI KOTOPBIX
MOTYT OBITh BBIYHMCICHBI HE3aBUCHMO W, CIIEIOBa-
TENbHO, MapauienbHo. [Ipy 3TOM U JOKanbHBIE MaT-
pULBl pa30MBAIOTCSI HA CYyMMBI MaTpHI] KECTKOCTH,
Macc, OanaHca  T. 1., KaX/J1as U3 KOTOPhIX “‘oTBevactr”’
3a XapaKTepHBIH uieH JudQepeHnanbHOro ypaBHe-
HHSA C YYETOM TOI'O WJIHM APYroro THUMA TPaHUYHOIO
yCIIOBHSL.

Takas MoAynbHas CTPYKTypa TIO3BOJIIET JIETKO
KOHCTPYHPOBaTh paclIupsieMyl0 OWOIMOTEKy mpo-
rpaMM-anmnpoKCUMaTopoB. KoHEYHBIM pe3ynpTaToM
JAHHOTO 3Tama sABIseTcs anredpanyeckas CTPyKTypa
naHHbIX (AC/I), mMOMHOCTEIO OTOOpaXkaroIas CICIH-
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¢uky ucxomHod muddepeHInaNTFHON 3a4auydl B 3Ha-
YEHUSIX MAaTPUYHBIX U BEKTOPHBIX KOMITOHEHT.

o Pewenue CJIAY — 00OBIMHO CaMBIii peCypcoeM-
KAH 3Tall MaTeMaTU4ecKOr0 MOJCTUPOBAHMSA, IOC-
KOJIBKY 3/1eChb 00bEM BBIYMCICHUI HEMTUHEHHO pacTeT
C YBEITMYEHHEM KOJIWYECTBA HEU3BECTHBIX, KOTOPOE C
BO3PACTaHUEM MPAKTUUYECKHX TPEOOBAHMH K TOYHO-
CTH JJOCTUTAET JIECATKOB M COTEH MUJLIHOHOB.

[Ipu perieHN# CETOYHBIX CHCTEM C Pa3peKEHHBIMU
MaTpPHUIIAMU CBEPXBBICOKUX MOPSIIKOB XPAHITCS TOJb-
KO HEHYJIEBBIC DJIEMEHTBI, YUCIIO KOTOPBIX Ha KaXKAOU
CTPOKE COCTaBJISIET HECKOJIBKO AecsATKoB. [lns 3Toro
WCTIONIB3YIOTCS CIEelUalbHbIE CKaThle QopMaThl, 00-
LICTTPUHATHIE B MEKIYHAPOIHON MPAaKTHKE, KOTOphIE
HAMHOTO DKOHOMSIT OINEPaTHUBHYIO MaMATh, HO HEH3-
OeXKHO YBEMYMBAIOT BpEeMsl CueTa M3-3a YCIIOKHEH-
HOT'O JIOCTYTIa K BEIIECTBEHHBIM JTaHHBIM.

VYHuBepcanbHble anreOpandeckue pemaTend J0c-
TaTOYHO IIMPOKO IPEACTABICHbl Ha PBIHKE Mpo-
rpaMMHOro oOecIliedeHUs] U B CBOOOJHOM JIOCTYIIE.
MoXHO Ha3BaTh IpeICTAaBUTEIbHBIE HAOOpBI anro-
putmoB B SPARSEKIT, TRILINOS, a Taxxe Bo Bce-
oobemmromert Omonmuoreke NETLIB. Opnako yuer
cneun(UKd paccMaTpUBAEMBIX HAaMH BEKTOPHBIX
KpaeBbIX 3a/1a4 MOXKET 3HAYMUTEILHO MOBBICHUTH IPO-
W3BOIUTEIBHOCTD BEIYMCIUTEIBHOIO KCIIEPUMEHTA.

OmuH u3 caMbIX 3(PQEKTUBHBIX MPHEMOB — 3TO
anreOpan3upoBaHHasl BEPCUS MHOTOCETOYHOTO METO-
Jia, B KOTOPOM IepBoe MpHONMKeHne ObICTPO paccyu-
THIBa€TCS Ha JIOCTATOYHO IpyOOH ceTke, a 3aTeM Io-
CIIEZOBATEIbHO YTOUHSIETCS.

e Pacnapannenusanue ancopummos u ux omo-
opasicenue Ha apxumexkmypy cospemenuvix MBC ¢
JECATKAMH, COTHSAMH W TBICSIYaMH MPOLIECCOPOB —
HeMmpeMeHHBIH aTpuOyT OCYLIECTBIECHHS KPYIHOMAC-
MTA0HOTO BBIYMCIUTENBHOTO JKCHEPUMEHTa. JTaml
TeOMETPUUECKOro 1 (YHKIHOHAIEHOTO MOJEIHPOBa-
HUS SIBJISICTCS. MAJIOPECYPCHBIM (KOTMYECTBO OOBEKTOB
371eCh, KaK MPaBUIIO, OTPAHUUMBAETCS IECATKAMH), U €T'0
MPOILE BCET'O BHIMOIHATH B OJHONPOLIECCOPHOM BapH-
aHTe. TouHee roBops, BO H30eKaHNE TUIIHUX KOMMY-
HUKAIM{A, MPOrpaMMbl peasn3aliy JAaHHOTO 3Tara |
¢dopmupoanue ['CJl coBmectHo ¢ PCJ] uenecood-
pa3HO KOMHMpOBATh Ha BCEX MpOIEccOpax, HE BHUKAs
BO BHYTpEHHHE JieTand. Eciu e roBopuTh O Moib30-
BaTeNIbHOM HHTep(eiice, TO MHOIOKpacodHas U MHO-
TOIJIAHOBAsI BU3yalM3allHs PE3yJIbTAaTOB pacuyera Mo-
JKeT “CheCTh’ JBBUHYIO JIOJII0 MAIIMHHOIO BPEMEHU
(s OOprOBI C ATUM YK€ MOSIBUIUCH Tpaduueckue
MHOTOSIIEPHBIE BUICOKAPTHI), HO MBI Ha 3TUX BOIPO-
cax He OCTaHaBIIUBAECMCS.

ANTOPUTMBI AUCKPETU3ALMH 00JacTh 1 (HOpMHPO-
BaHua CCJl mpocTHparoTCs OT CaMbIX TPUBHAIBHBIX
(11 perymapHBIX CETOK) A0 OYEHb TPYJOEMKHUX,
KOTJa MPHUXOAMUTCS pelaTh CHelualbHble HeIHHEH-
Hele audpdepeHnnansusie ypaBHeHus. [Ipobnemy on-

TUMH3ALHUN CETKU MOKHO JIOBECTH 0 abcypna, Koraa
OHa moTpedyeT OOoMNbIle BBHIUMCICHUN U MAMATH, YeM
BCE PELICHMs MCXOJHOW 3a/ayMl C MOMOUIbI0 KaKOIo-
TO HENPUTA3ATENBHOTO METO/A.

OTal anmpokCUMaluu TUCKPETU30BAaHHON 3aAadun
C HOMOIIBIO IO3JIEMEHTHEIX TexHonorud MKO umm
MKD, kak yxe oTMedanoch, MAEaIbHO pacrapae-
JTUBaeTcs U TpedyeT oObeMa pecypcoB, MPOIIOPIUO-
HAJBHOTO YUCITY Y3JI0B CETKH, YTO OOEecreunBaeT Jiu-
HEIfHOE YCKOpPEHHME pacdyeTOB C YBEIWYEHHEM dYHCIa
MIPOLIECCOPOB.

“Y3KUM TOpJBIIIKOM~ pacnapauieIMBaHus Tpo-
1[ecca MOJIENMPOBaHuUs okasbiBaeTcs pemenue CIIAY
(ecnn pemaemasi 3aJada HEIMHEHHA, TO OHA MOCHE
JIMHEapu3allid BCE PaBHO CBOJMUTCA K IIOCIIEIOBA-
TENBbHOCTH JIMHEHHBIX cucTeM). CoBpeMeHHbBIE uTepa-
LUOHHBIE AJTOPUTMBI, PACCMOTPEHHBIE B pazfene
" ANMpOKCUMAaMOHHBIE U anredpandeckue MeTonbl",
OCHOBBIBAIOTCS Ha ABYX MPHHIUIIAX: TPeno0yCcIaBiIu-
BaHHWE MATPHUIl U YCKOPEHHE B MOANPOCTPaHCTBaX
Kpsuiosa.

Ecnu BTOpOl acmekT TpyaHOCTEM I pacrapai-
JISTUBAaHUA HE BBI3BIBACT, TOCKOIBKY CBSI3aH TOJBKO C
BEKTOPHBIMH oOfepauusimMu, To 3hdexTuBHOE mpen-
o0ycraBnuBaHue, Ha00OPOT, CTATKUBACTCS 3a4acTYIO
C HEOOXOIMMOCTBIO MEKIPOLIECCOPHBIX OOMEHOB,
pe3KO CHIKaromux OblcTponeiictBue. MoXHO cKa-
3aTh, HambOolee NPUMUTHBHBIC aJTOPUTMBI JIydlle
pacmapauienuBaloTCsa, 1 HA000pOT.

['maBHBIM cpeAcTBOM pachapaieTuBaHus OOJb-
MIMX 3a7a4 SBISIETCS JEKOMIIO3MLUS PacdeTHOH 00-
JacTu Ha moxo0nIacT, KaKJI0i 13 KOTOPOH COMOCTaB-
JII€TCsl CBOM mporieccop.

OCHOBHOM METO[| pelIeHus 37eCb — HUTEPALHHU 110
noA006acTsM, Ha KaKI0H U3 KOTOPBIX OIHOBPEMEHHO
paccUnThIBAIOTCA MOA3aJa4yM, a 3aTeM IPOUCXOMAAT
HeoOxoauMble OOMeHBl HMH(OpManuerd Mexay Mpo-
neccopamu. [Ipy BceM MHOTrooOpas3uu CyIIECTBYIO-
IIMX TOJXO0B KOJUYECTBO BHIYMCICHUM B CETOYHOMN
noAo6JacTd MPONOPLUHUOHATBHO ee “00beMy”, a pas-
Mep MEXIPOIECCOPHBIX NMEPECBUIOK — CYMMAapHBIM
“HIOBEPXHOCTAM”, U3MEPSIEMBIM B COOTBETCTBYIOIIUX
YHUCIIax y3JI0B.

VYBenuueHne Npou3BOAUTENBHOCTH aJITOPUTMOB H
IpOrpaMM 3aBHUCHUT B IaHHOM Cllydae OT MHOTUX (ak-
TOpPOB: YCKOPEHUS CXOIUMOCTH JBYXYpPOBHEBOI'O UTE-
PaLIOHHOTO Tpolecca, BO3MOXKHOTO COBMEIIEHUS
KOMMYHHUKAIIMH C BBIYMCIEHUSIMU, KBaNH(DUIMPOBAH-
HOTO HCIIONIBb30BaHUS CPEACTB paclapaieTuBaHus
cucreM MPI, OpenMP u rubpumnoro mporpamMMmupo-
BaHMUSL.

CyIIecTBEHHOTO YCKOPEHUS MOXKHO JOOMTHCS 32
CYET ONTUMH3ALMN KoJa W ONIMHA KOMIMWIATOpa, HE
CBA3aHHBIX HAaNpsAMYIO C pacnapajieliuBaHueM (pas-
BEpTKa LUWKJIOB, WCIOJb30BaHHE IITATHBIX OHOIHO-
TeyHbIX (QyHKUIMHA W T. A.). B merom pesynabraTus-
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HOCTh pacrapaieIuBaHus OICHUBAIOTCS KO3 uim-
CHTaMH YCKOPEHUS U 3()(HEKTUBHOCTH HUCTIONB30BAHHMS
MPOLIECCOPOB:

S,=T/T,, E,=S,/p,

rae 7, — BpeMsl BBIIOJIHEHUs alropuT™a (KM pemie-
HUSI 33/1a41) Ha p-IpoLeccopax.

WneansHbIMU ciydasMu aBsioTes S, =p u E, =1,
XOTs 32 CYET HEOJHOPOIHOCTH IAMATH MOXKET OBITH
JOCTUTHYTO U CBEPXJIMHENHOE YCKOPEHHUE.

HemanoBaxusiM ¢aktopom ucnonszoBanus MBC
ABILIETCS IPOCTO MHTErPaLUs PECypCoB, KOTOpas II0-
3BOJISIET PELIUTh TOPa30 OONBIIYIO 3a/ady, Hepeaau-
3yeMyI0 B IPUHIUIIE HA OJHOM IIPOLECCOPE.

3akjIoueHne

[IpoBeneHO KOMILIEKCHOE PacCMOTPEHHE MaTema-
TUYECKUX MOJENEH, BBIYUCIUTEIBHBIX METOJ0B H
TEXHOJIOTUH JAJISl pELICHUS aKTyalIbHBIX MHOTOMEPHBIX
3a1a4d 3JEeKTPOMArHeTH3Ma, OMUCHIBAEMBIX CHCTEMON
ypaBHeHHH MakcBelia Ajsl TapMOHHYECKHX BO Bpe-
Menn mnoned. IlpuBemen o0030p KiIaccHYecKux H
0000IIEHHBIX TOCTAHOBOK IS CMEIIAHHBIX KPAeBBIX
npoOieM C TUHOBBIMU (U3NYECKUMH T'PaHHYHBIMH
YCIIOBUSIMH, & TAKKe CIIOCOO0B X aNIpOKCUMAIUH Ha
aJIalTUBHBIX HECTPYKTYPHUPOBAHHBIX CETKaX METOZA-
MH KOHEYHBIX OOBEMOB M KOHEUHBIX 3JIEMEHTOB C
BEKTOPHBIMH U CKaJSPHBIMH OA3MCHBIMH (DYHKIIHSIMH.
Omnucansl npegoOyCOBICHHbIE UTEPAIMOHHBIE alTro-
PUTMBI B moAnpocTpaHcTBax KpbuioBa ajsl pemeHus
noiydaeMbix KomiuiekcHeIx CJIAY ¢ 6mounbIME pas-
PEKEHHBIMH MaTpULAMU BBICOKHX MOpSAKOB. M3mo-
JKEHbl COBPEMEHHBIC TEXHOIOTUYECKUE MPHHLHIIBI
NpPOrpaMMHON  peaju3alid  ONHCAaHHBIX METOJOB,
BKJIIOYAsl 3Talbl F€OMETPUYECKOr0 M (PYHKIHMOHAJB-
HOT'O MOJENUPOBAHUsS, TIOCTPOCHHS aJalTUBHBIX He-
CTPYKTYPUPOBAHHBIX CETOK JJIsl PaCUETHBIX O0NacTen
CO CJIOXHOH KOH(HTrypauued rpaHMl, anmpoKcuMa-
MU UCXOMHBIX KPaeBbIX 3ajiay, PElICHUs Pa3IuIHbIX
TUIIOB anre0panvyecKuX CUCTEM Ha OCHOBE COrjaco-
BaHHBIX CTPYKTYp IaHHBIX, a TAKXKe pacrapajuie/inBa-
HUSl alTOPUTMOB Ha MHOTONPOLIECCOPHBIX BBIYMCIIH-
TENBHBIX CHCTEMax C HEepapXH4ecKol pacmpene-
JIeHHOW ¥ 001eil namsaThio. D PEeKTUBHOCTH Mpeasa-

racMbIX HOOAXOAOB MHNPOACMOHCTpPUPOBAHA PE3YyJibTa-
TaMU MCTOAUYCCKHUX SKCIICPUMCHTOB JId XapaKTep-
HBIX (I)I/IBI/IIIGCKI/IX 3aagad.
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The models, algorithms and technologies for solution
of electromagnetism problems

V. P Il'in
Institute of Computational Mathematics and Mathematical Geophysics, SBRAS,
6, Ac. Lavrentiev ave, Novosibirsk, 630090, Russia
E-mail: ilin@sscc.ru

The mathematical models, computational methods and technologies are considered for solving
the multidimensional problems of electromagnetism, which are described by Maxwell equations for
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the harmonic in time fields. The comparative analysis of finite volume and finite element methods
with vector basis functions of different types and orders for approximation of various statements of
the original problems is made, as well as algebraic approaches for efficient solution of the obtained
large systems of linear equations. The modern technological principles of program implementation
and parallelezation of algorithms at the multiprocessor computational systems are described.
The examples of numerical experiments are presented.

PACS: 02.60.—x; 02.70.—

Keywords: Maxwell equations, harmonic fields, finite volume and finite element methods, computational
technologies.
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